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1 Reinsurance treaties

Let X be the (aggregate) loss or claim for an insurer in a fixed
time period. We assume that X is a non-negative random variable
with distribution function F'(x) = Pr{X < x}, survival function S(x) =
1—F(x) = Pr{X >z}, mean EX = i > 0, and variance VarX = o2 > 0.

Under a reinsurance treaty, a reinsurer will cover the part of the loss,
say f(X) with 0 < f(X) < X, and the insurer will retain the rest of the
loss, which is denoted by I¢(X) = X — f(X), where the function f(z),
satisfying 0 < f(z) < z, is known as a ceded loss function and the function
If(z) = x — f(z) is called a retained loss function. The losses f(X) and
I;(X) are called ceded loss and retained loss, respectively.



Under the reinsurance contract f, we denote the reinsurance premium
by P}; Thus, the net insurance premium received by the insurer is
PIf = Fy — Pé, where Py is the insurance premium received by the insurer
from an insured. Therefore, under the reinsurance treaty f, the insurer
and reinsurer share both the insurance loss X = I+(X) + f(X) and the
insurance premium Py = Plf + Pé.

Mathematically, an optimal reinsurance is a specified form of the ceded
loss f(X), which satisfies a certain optimization criterion. Optimal forms
of reinsurance depend on optimization criteria and reinsurance premium
principles. Several optimization criteria commonly used in the study of
optimal reinsurance are

e maximizing the expected utility function of a company's wealth;

e minimizing the variance of a company'’s risk;



e minimizing the risk measures of a company’s risk;

e and minimizing the ruin probability or equivalently maximizing the
survival probability of a company.

Most existing results on optimal reinsurance are from an insurer’s point
of view.

Arrow (1963) showed that when the optimization criterion is to maximize
the expected concave utility function of an insurer's wealth with a given
expected ceded loss, the optimal reinsurance for an insurer is a stop-loss
reinsurance.

It is well-known that the optimal reinsurance for an insurer, which
minimizes the variance of the insurer's loss with a given expected ceded
loss, is also a stop-loss reinsurance.



However, Vajda (1962) showed that the optimal reinsurance for a
reinsurer, which minimizes the variance of the reinsurer’'s loss with a fixed
net reinsurance premium, is a quota-share reinsurance among a class of
ceded loss functions that include stop-loss reinsurance contracts.

Kaluszka and Okolewski (2008) showed that if an insurer wants to
maximize his expected utility with the maximal possible claim premium
principle, the optimal form of reinsurance for the insurer is a limited stop-
loss reinsurance.

Cai, et al. (2008) proved that depending on the risk measures level
of confidence, the optimal reinsurance for an insurer, which minimizes the
value-at-risk (VaR) and the conditional tail expectation (CTE) of the total
risk of the insurer, can be in the forms of a stop-loss reinsurance or a
quota-share reinsurance or the combination of a quota-share reinsurance
and a stop-loss reinsurance under the expected value principle and among
the increasing convex ceded loss functions.



It is interesting to notice that most optimal forms of reinsurance in these
cited papers are stop-loss reinsurance contracts.

However, an optimal reinsurance contract for an insurer may not be
optimal for a reinsurer and it might be unacceptable for a reinsurer as
pointed out by Borch (1969). An interesting question about optimal
reinsurance is to design a reinsurance so that it considers the interests of
both an insurer and a reinsurer and it is fair, in some sense, to both of the
parties. Borch (1960) first considered this issue. He discussed the optimal
quota-share retention and stop-loss retention that maximize the product of
the expected utility functions of the two parties’ wealth.



2 Reciprocal reinsurance treaties

We consider the interests of both an insurer and a reinsurer under a
reinsurance treaty f by studying their joint survival probability, which is
denoted by

JL=Pr{I§(X) < P} + us, f(X) < P+ ug),

where u; > 0 and ur > 0 are the initial wealth of the insurer and reinsurer,
respectively; and their joint profitable probability, which is defined by

Jh=Pr{I;(X) < P/, f(X) < PL}.

We point out that mathematically, the joint profitable probability can be
viewed as the special case of the joint survival probability by setting u;y = 0
and ur = 0. However, the two joint probabilities have different economic
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interpretations. When we use them as objective functions, solutions for
optimal reinsurance treaties are different.

Under a reinsurance premium principle 7, let /™ denote the class of
admissible reinsurance policies, which consists of all ceded loss functions
f(x) satistying 0 < f(z) < x for x > 0.

Furthermore, to avoid some tedious discussions, we assume that the
loss random variable X has a continuous and strictly increasing distribution
function on (0, 00) with a possible mass at 0.

In a quota-share reinsurance, f(X) = (1 —b)X and I¢(X) = bX,
where 0 < b < 1 is the quota-share retention. We denote the reinsurance
premium, the net insurance premium, the joint survival probability, and
the joint profitable probability for the quota-share reinsurance by Pr(b) =
Pllrx=a-wyx, Pr(b) = Pllrx0=a-nx, Js(b) = Jilpx)=a-px and
Jp(b) = J};]f(x):(l_b)x, respectively.



Under a stop-loss reinsurance treaty, f(X) = (X —d); = max{X —
d, 0} and If(X) = X Ad = min{X, d}, where d > 0 is the stop-loss
retention. We denote the reinsurance premium, the net insurance premium,
the joint survival probability, and the joint profitable probability for the stop-
loss reinsurance by Pgr(d) = Pé\f(x):(x_d)Jr, Pr(d) = P{\f(X):(X—d)+1
Js<d) = J£|f(X):(X—d)+1 and Jp(d) = Jjé‘f(X):(X—d)+1 respectively.

In a limited stop-loss reinsurance contract, f(X) = (X —dy)L A ds
and I¢(X) = X — (X — d1)+ A do, where d; > 0 is a threshold level
and the reinsurer will cover the loss over the level d; while do > 0
is the largest loss the reinsurer would like to cover. The retention
in the limited stop-loss reinsurance is the vector (di,ds) with di > 0
and do > 0. We denote the reinsurance premium, the net insurance
premium, the joint survival probability, and the joint profitable probability
for the limited stop-loss reinsurance by Pr(dy,ds) = P{{|f(X):(X—d1)+/\d21

Pr(dy,d2) = ij|f(X):(X—d1)+/\d21 Js(di,d2) = £|f(X):(X—d1)+/\d21 and

8



Jp(dy,ds) = Jlj;|f(X):<X_d1)+/\d2, respectively.



3 Optimal reinsurance retentions under the expected
value principle

In this section, we assume that the reinsurance premium is determined by
the expected value principle. Under this principle, the reinsurance premium
P}"; = (1+0r)Ef(X), where O > 0 is the relative safety loadings for the
reinsurer. Thus, in the quota-share reinsurance,

Pr(b) = (1 +0r)(1 —b)u and Pp(b) = Py — (14 0p)(1 — b)u.

In the stop-loss reinsurance,

o

Pr(d) = (1+0r)E(X —d),.=(1+0g) /d S(x)da,

oo

P](d) = P() — (1 +0R)/d S(CE)dZE
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We define p = (1 + 0p)u — P.

We first determine the optimal quota-share retention b* € [0, 1] satisfying
Js(b*) = maxpeo,1) Js(b).

Theorem 1. (1) If u; = p, the optimal quota-share retention is b* = 0
satisfying Js(O) = Mmaxop<p<1i Js(b) = F(’LL[ +UpR + PO)

(2) If uy < p, the optimal quota-share retention is b* = 1 satisfying Jg(1) =
maxop<p<1i Js(b) = F(u_r + PO).
(3) If uy > p, the optimal quota-share retention is
ur —p

b* = by = 1
0 Uy +urp —p ()

satisfying Js(b*) = maxo<p<1 Js(b) = F(u; +upr + Po). O
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Remark 1. In the quota-share reinsurance, we denoted the survival
probabilities of the insurer and reinsurer by S7(b) = Pr{bX < P;(b) + us}
and Sgr(b) = Pr{(1 — b)X < Pg(b) + ur}. Thus, under the expected
value principle, for 0 < b < 1, Sp(b) = F((1 + 0p)u + “LL) and
Sr(b) = F((1+0p)p + 7).

It is interesting to notice that under the optimal quota-share retention b*
given by (1), the insurer and the reinsurer have the same survival probability
with S](b*) :SR(b*) :F(UI—I—’LLR—I—PO). Il

We then consider the joint profitable probability Jp(b). In this case, we
obtain the following result.
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Proposition 1. /f p = 0, the optimal quota-share retention is b* = b
for any b € [0,1] satisfying Jp(b*) = maxo<p<1Jp(b) = F(Fy). If
p # 0, the optimal quota-share retention is b* = 1 satisfying Jp(1) =
maxog<p<i Jp(b) = F(PO) []

We then determine the optimal stop-loss retention d* € [0, c0) satisfying
Js(d*) — maxde[o,oo) JS(d).
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Theorem 2. The optimal stop-loss retention d* € [0,00), which
maximizes the joint survival probability Js(d) on [0,00), exists if and
only if the equation

d+(1+93)/d005(:c)d:1:=}70+u1 (2)

has solutions in d € [0,00). Moreover, when the optimal retention d*
exists, d* is just the solution to equation (2) and satisfies Jg(d*) =
MaXqe[0,00) Js(d) = F(UI +UR + PO). [

Throughout this paper, we define

1
1+0gr

AR —

and dR:S_1<1+18R).

Remark 2. In the stop-loss reinsurance, we denote the survival
probabilities of the insurer and reinsurer by S;(d) = Pr{X Ad < P;(d)+uy}
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and Sg(d) = Pr{(X — d)+ < Pgr(d) + ug}, respectively. Thus,

1 if d<Pr(d)+uy,
Sl(d) - { F(UI —+ P[(d)) if d> P[(d) + uy,
and SR(d) = F(’LLR +d + PR(d))

It is easy to check that under the optimal stop-loss retention d* given
by (2), d* = Pr(d*) + us and hence S;(d*) = 1 while Sg(d*) = F(u; +
URr + Po) .

Thus, at the optimal stop-loss retention level d*, the insurer will survive
with a certainty while the reinsurer has a risk of bankrupt. In this sense, a
stop-loss reinsurance is not fair to a reinsurer. O

We then determine the optimal stop-loss retention d* € [0,00),
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which maximizes the joint profitable probability and satisfies Jp(d*)
SUD e [0,00) JP(d)-
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Theorem 3. The optimal stop-loss retention d* € |[0,00), which
maximizes the joint profitable probability Jp(d) on [0,00), exists if and
only if

dr + (1 + 93)/ S(x)dx < Py (3)

dr

holds. Moreover, when the optimal stop-loss retention d* exists, d* is just
the solution to equation

d+ (14 0g) /dOOS(:L‘)dx:PO (4)

and satisfies Jp(d*) = maxge(o o0) Jp(d) = F(F). O
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Remark 3. In the stop-loss reinsurance, we denote the profitable
probabilities of the insurer and reinsurer by PR;(d) = Pr{X Ad < P;(d)}
and PRR(d) = Pr{(X — d)+ < Pg(d)}, respectively. Thus,

PR;(d) = { F(Py — Pr(d)) if d+ PZ(d) > Fo,

and PRp(d) = F(d + Pr(d)).

Under the optimal stop-loss retention d* given by (4), PR;(d*) = 1,
and PRg(d*) = F(P,). Thus, at the optimal retention level d*, the insurer
will make risk-free profits while the reinsurer has a risk of losing money. In
this sense, a stop-loss reinsurance is not fair to a reinsurer. O
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4 Optimal reinsurance treaties under general premium
principles and among a wide class of reinsurance policies

In the following theorem, we give conditions on f* € F™ so that
g g

gL

holds.

Pr{ls(X) < Plf* +ur, ff(X) < P]J: + up}
<

Pri{l,(X) < P/ X
max Pr{l;(X) < P} +us, f(X)

Ji 5
s s 2
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Theorem 4. [f a ceded loss function f* € F™ satisfies f*(x) and Is+(x)
are both non-decreasing functions in x > 0, and

PL +up = *(ur +ur + Po), (6)

then f* is an optimal ceded loss function in F™, which maximizes the joint
survival probability and satisfies (5).

Proof: For any f € F7, it holds that

T = Pr{I;(X)<u +Pf, f(X) <up+ P}
< Pr{I;(X)+ f(X) <us+ur+ P+ Pl}

Pr{X <wu;+ur+ Py} = F(u; +ur + Fy). (7)

If there exists a ceded loss function f* € F7 satisfying (6), then it follows
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from If(z) = x — f(x) that

Ip«(ur+up+Fo) = ur+ur+ Fo— ff(ur+ur+ Fo)
= U]—I—UR—I—PO—P]J;;*—URIUI—I—PIJC*.

Thus

P =I5 Py) — d P =f Py) —

I (U +UR + 0) Uy an (uf—l-uR—l- o) UR-
Hence,

{If*(X) < PIf* + uy, f*(X) < P}f; —I—UR}
= {Up(X) < Ipe(us +ur + Po), fH(X) < fH(ur +ur+ Fo)}-

Since f*(-) and I4+(-) are both non-decreasing functions, we have

{X <ur+upr -+ Po} C {]f*(X) < If*(u] —|—’LLR—|—P0)}
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and

{X <ur+ur+ P} C{f"(X) < ff(lur+ur+ F)}.

One can obtain

{X <ur+ugp+ H} C
{Ip«(X) < Ips(ur +ur + Fo), f[H(X) < ff(ur +ur+ Ro)},

which means that

PI‘{]f*(X) < If*(’LL] —|—UR—|—P0), f*(X) < f*(’LL[ —|—uR—|—P0)}
ZF(”LL[—FUR—I-P()).
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Therefore, by (7), we have that

PI’{IJU*(X) < ”LL[—I—PIf*, f*(X) < uR+P£*} — F(UI+UR+PO) — %%)%Jé

Hence, f* is the optimal ceded loss function in F7. O
P

Moreover, in the following theorem, we give conditions on f* € F™ so
that

gL

Pr{l;+(X) < Pl , f*(X) < Pf)
= maxPr{l;(X) <P/, f(X) < PR} = max J.  (8)

holds.
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Theorem 5. [If a ceded loss function f* € F™ satisfies f*(x) and Is+(x)
are both non-decreasing functions in x > 0, and

Pl = (P, (9)

then f* is an optimal ceded loss function in F™, which maximizes the joint
profitable probability and satisfies (8). O

Remark 4. Theorems 4 and 5 enable one to design optimal reinsurance
contracts that maximize the joint survival probability and the joint profitable
probability under a general reinsurance premium principle m and among the
wide class of reinsurance contracts F™.

We illustrate the applications of Theorems 4 and 5 by designing an
optimal reinsurance in the form of a limited stop-loss reinsurance under the
expected value principle. O
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In a limited stop-loss reinsurance, f(X) = (X — di)+ A do and
Ip(X) = X — (X —di)y ANda. The retention for the limited stop-loss
reinsurance is the vector (dy,ds), where (dy,ds) € [0,00) x [0, 00).

Let I' be the set of admissible retentions for the limited stop-loss
reinsurance. Then

I' = {(dl,dg) . dl Z 0 and d2 Z O}

In this subsection, we first design an optimal limited stop-loss reinsurance
f*(X) = (X —dj)+ Ad3, which maximizes the joint profitable probability
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and satisfies

Js(dy, dy)

max Js(dl, dg)
(d1,do) el

max Pr{Z;(X) < P} +u, f(X) < P}, +ug}. (10)
E 7T
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Note that in the limited stop-loss reinsurance and under the expected
value principle, the reinsurance premium and the net insurance premium are

dy+do

Pr(di,ds) = (1+0R)E[(X —di)y Ads] = (14 0p) / S(z)da,

d1+dso

P[(dl,dg) = Po—(1+03)/ S(ﬂ?)dl‘

Throughout this paper, we define

'y = {(dl,dg) : (dl,dg) - F, di1 < ug —|—uR—|—P0, di+do > uy —I-’LLR—|-P0},
I's = {(dl,d2> : (dl,dg) -~ P, dl < ug —I—UR—I—PO, dl _|_d2 < Uug —|—’LLR—|—P0}.
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Theorem 6. Let w be the expected value principle. If the equation

di+ds

d1+(1+93)/ S(x)dxr = uy + Py (11)
dy

has solutions in I'y or the equation

di+do

do — (14 (93)/ S(x)dx = up (12)

has solutions in I'y, then a limited stop-loss reinsurance with retention
(d}, d%) € I'1 UT'% is an optimal reinsurance in F™, which maximizes the
joint survival probability and satisfies (10). Here, I'; and I'S are the sets of
solutions to equations (11) and (12), respectively.
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Proof: For the limited stop-loss reinsurance, equation (6) is reduced to

d1+ds
1 +9R)/ S(2)de +up = (ur + ug+ Po—di)s Ads (13)
d

1

Note that equation (13) has solutions in T' is equivalent to that equation
(11) has solutions in I'; or equation (12) has solutions in I's. Thus, we
obtain Theorem 6 by Theorem 4. O

Remark 5. In the limited stop-loss reinsurance, we denote the survival
probabilities of the insurer and reinsurer by S;(di,ds) = Pr{X — (X —
d1)+ A dy < P[(dl,d2> + ’LL[} and SR(dl,dg) = PI‘{(X — dl)_|_ A do <
Pr(dyi,ds) + ugr}, respectively. Thus,

S(dy,dy) — § Flur+ Prld,da)) £ di> up+ Pr(dy, da),
1\u1, &2 F(’UJ € d2 + P](dladQ)) if dl S ur -+ PI(d17d2)7
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and

F(di +ugr + Pr(dy,ds)) if dy > ug+ Pgr(di,ds2),

dy,dy) =
Sr(dy, d2) { 1 if da <wur+ Pr(di,ds).

Under the optimal retentions (di, d3) given by (11) in I'y, it is easy to
see that Sr(d},d5) = F(ur +ur + Py) < Sr(dj,d5) < 1. While under the
optimal retentions (d7, d%) given by (12) in 'y, S;(d3,d3) = F(ur+ur+FPp)
and Sg(dj,d5) = 1.

It is interesting to note that under the optimal retentions (dj, d%) given
by (12) in I'g, the reinsurer will survive with a certainty while the insurer
has a risk of bankrupt. Hence, the limited stop-loss reinsurance with the
retentions (di, ds) given by (12) in I'y is not fair to the insurer. However,
the limited stop-loss reinsurance with the retentions (di, d3) given by (11)
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in I'y can avoid such an unfair situation. O

We then design an optimal limited stop-loss reinsurance f*(X) =
(X —d7)L Ad35, which maximizes the joint profitable probability and satisfies

* d = max Pr{I;(X) < P/, f(X) < P}}.(14
Tp(dr,dz) = max Jp(dy,do) = max Pr{l;(X) f(X) < Pg}.(14)

In this subsection, we define

Fl = {(dl,dg) : (dl,dQ) cl’ dl < Po, d2 > O, dl + Cl2 > Po},
I'y = {(di,d2):(di,d2) €T, di < Py, d2 >0, di +da < Fp},
I's = {(di,d2): (d1,d2) €T, do = 0}.
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Theorem 7. Let m be the expected value principle. A limited stop-loss
reinsurance with retention (d, d%) is an optimal reinsurance in F™, which
maximize the joint profitable probability and satisfies (14), if (d%, d3) € T’y
and satisfies equation

di+do

di + (14 6g) / S(x)dr = P (15)

or (d¥, d3) € T'y and satisfies the equation

dy+do

do — (1+0g) / S(x)dr =0 (16)

or (dt, d3) € I's.
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Proof: For the limited stop-loss reinsurance, equation (9) is reduced to

di+ds
(1+65) /d S(2)dx = (Py — dy)s A do. (17)

1

Note that any (dy,ds) € T'z is a solution of equation (17) and equation
(17) has solutions in T' = {(dq,d>) : (d1,d2) € T, dy > 0} is equivalent to
that equation (15) has solutions in T'; or equation (16) has solutions in I's.
Thus, we obtain Theorem 7 by Theorem 5. ]

Remark 6. In the limited stop-loss reinsurance, we denote the profitable
probabilities of the insurer and reinsurer by PR;(dy,d2) = Pr{X —
(X — dl)_|_ N d2 < P](dl,dg)} and PRR(dl,dz) = PI‘{(X — d1)+ N dg <
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Pr(dy,ds)}, respectively. Thus,

PR(dy,ds) =

and

PRR(dy,d2) =

F(Pr(dy,d2))
{ F(ds + Pr(dy,d2))

{ F(di + Pgr(di,d2))
1

if
if

dl > P](dl,dg),
dy < Pr(dy,ds),

d2 > PR<d1,d2>,
d2 S PR(d17 d2)
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Under the optimal retentions (d%, d5) given by (16) in Ty or (d¥,d%) € T's,
PR;(di,d5) = F(FPy) and PRg(di,d5) = 1. While under the optimal
retentions (d%,d5) given by (15) in T'y, PRg(di,di) = F(P) <
PR[( T,d;) < 1.

Note that under the optimal retentions (d¥,d%) given by (16) in 'y or
(d%,d3) € T's, the reinsurer will make risk-free profits while the insurer has
a risk of losing money.

Hence, the limited stop-loss reinsurance with the retentions (di,d%)
given by (16) in T'y or (d¥,d5) € '3 is not fair to the insurer.

However, the limited stop-loss reinsurance with the retentions (dj, d3%)
given by (15) in T'; can avoid such an unfair situation. O
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