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Equity-linked death benefit

» x age at issue of policy (time 0)

v

T, time of death

> payment at time Ty

v

depends on S(T),

» or more generally on S(t), 0 <t < Ty
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Goal:

» Calculate E[e=97* x payment]

> the expectation of the discounted value of the payment

0 valuation force of interest
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Index process

» S(t) price of one unit of a fund at time ¢t
» S(t) = S5(0)eX(®), t>0

» X(t) a Lévy process
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{X(t)} a jump-diffusion process

X(t) = Brownian motion (1, D = 02/2)

— compound Poisson (w, g(x))
downward jumps

+ compound Poisson (v, p(x))
upward jumps
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Double exponential jump-diffusion

v

v, p(x) =ve ™, x>0 upward

v

w, g(x) =we™ ™, x >0 downward

v

a model with 6 parameters

v

a reasonable compromise between Brownian motion and a
general Lévy process

Hailiang Yang Department of Statistics and Actuarial Science The University of Hong Kong hlyang@hku.hk

nked death benefits and exotic contingent options i p diffusion models



More general jump-diffusions

» v, p(x)=>7"4Pivie ", x>0 upward

v

w, q(x) =D, Qiwie™™*, x>0 downward

Kou and his co-authors’ work

v

v

a reasonable compromise between Brownian motion and a
general Lévy process
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V(z): the Lévy exponent

> E[er(t)] — otV¥(2)

> \U(z) =
Dz? + pz — v [;°(1 — e™)p(x)dx —w [;°(1 — e~ )q(x)dx

» For the double exponential jump-diffusion

V(z) = Dz? + pz + v-2 — w2

v—Zz w—+z
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» U(z) =0: Lundberg's equation
» U(z) = A  Generalized Lundberg's equation

» For the double exponential jump-diffusion, this equation has
“four” solutions

—o << —w<a <0< B <v<P <o
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For Brownian motion

» Dz> + iz =X Generalized Lundberg's equation

» Two solutions: a <0, >0
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Connection with martingales

» {e*eX(D} is a martingale *

<> z solution of the generalized Lundberg's equation

> Alternative formulation of %
T independent exponential random variable with parameter ),
Pr(t > t) = et
{I(T>t)ezx(t)} martingale
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The reduced problem

> Idea: the pdf of T, can be approximated by
n
ZA;)\,’G_)\"t, t>0
i=1

So, it suffices that we know how to calculate

Ele™"b(S(7))] = /O b e Ot \e ME[b(S(t))]dt
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The reduced problem

0 can be eliminated

/ h e %t e ME[b(S(t))]dt

0
-1 /ooo(A + 6)e” HOE[B(S(t))]dt

rule:  do the calculation without discounting
but replace A by A+ multiply by %-‘r(;
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Note:
> If \is replaced by A+,

the generalized Lundberg’s equation is
V(z) =X+

» Thus the a's and §'s are modified accordingly
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» Want to calculate

E[e~""b(S(7))] = Ele"b(5(0)e* ()]

> so we need

fx(r)(x) the pdf of X(7)
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Distribution of X(7)

EleX )] = E[E[e7) | 7] = E[e™) = 1

A 1 n A 1 . A 1 . A 1
Va)ar—z V(w)az—z V(B1)p1—z V(B2)p2—z

are”MX 4 are 42X, x <0,
— fX(T)(X) = { ble B1x + b2e 62X’ x > 0
with
—A A

VT W) TG

Hailiang Yang Department of Statistics and Actuarial Science The University of Hong Kong hlyang@hku.hk

Valuing equity-linked death benefits and exotic contingent options in jump diffusion models



b(s) = (K —s)y put option
» out-of-the money: 5(0) > K

Ep(5(0)) = E[(K — S(7))+] = an(ax; K, $(0)) + a2n(az; K, (5(0))
with

Klfhs(o)h

(b K, S(0) = "=
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b(s) = (s — K) call option
» out-of-the money: 5(0) < K

Ep(5(0)) = bin(B1; K, S(0)) + ban(B2; K, S(0))
with

Klfhs(o)h

(b K, S(0) = "=,
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In-the-money formulas

Use put-call parity

[K = S(m)]+ = [5(7) = K]+ = K= 5(7)

E[[K — S(7)]+] — E[[5(7) — K]4+] = K — E[S(7)],
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Running maximum

» M(t) = max{X(u);0 < u < t} running maximum

» For the discussion of lookback call options,
we need the distribution of M(7)

> result:

Ba(v—="01) o —px , Bi(Ba—V) . g
) = gy L — gy T X 20

B1 and [, are the positive solutions of W(z) = A
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Proof

Pr(M(7) > x) = Ng(x) + Ns(x),

where

Mg(x) is the probability that the process exceeds x before time
and when it occurs, it is because of oscillation.

Ms(x) is the probability that the process exceeds x before time 7
and when it occurs, it is because of an upward jump.
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Proof

Stop the martingale {eﬁlx(t)l(KT); t > 0} the first time when
{X(t)} attains or jumps over level x. Optional sampling theorem
yields

1 = e’ Ty(x) +—a e M(x).
ﬁl

By analytical analogy we have

1= e"Ty(x) +—a e T4(x).

ﬁz
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Proof

Solution:
_ (v=B)e P+ (By— v)e P
o) = B2 — B ’
(v = B1)(B2 — v)(eP* — e=7X)
() V(B - B1) '
Then

Bo(v — Br)e P+ Bi(Ba — v)e P2x

Pr(M(7) = x) = (B — 1) :

B2(v — B1)
v(B2 — f1)

—pP1x B1(B2 — —Box
fury(x) = —— %P1’ +Mﬁzeﬁ, x>0,
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Running minimum

Hailiang Yan

m(t) = min{X(u); 0 < u < t} running minimum

For the discussion of lookback put options,
we need the distribution of m(7)

result:

—062(CV]_ + W)
W(Ozl — 052)

ar(w + as)

—ope M) +
( ) W(Otl — 042)

fm(T) (X) =

ag and ay are the negative solutions of W(z) = A
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Proof
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Lookback call options

b = [max{S(t);0<t<7}—K]y=[S(0)eM) - K],

out-of-the money: 5(0) < K

[ 150 ~ Kl ) ()
In[K /5(0)]

BB

= V(B - 51)[(v = B1)n(Br; K) + (B2 — v)n(B2; K)]
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Lookback put options

b = [K—min{S(t);0<t<7};=][K—-S5(0)e"],

out-of-the money: 5(0) > K

In[S(0)/K]
/ [K — 5(0)e ] fm(r)(x)dx
- 10

= m[(al + W)?](al; K) — (W + 042)77(062; K)]
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Joint pdf of X(7) and M(7)

By
X(r) = M(r) — [M(7) — X(7)],

and independence of M(7) and M(7) — X(7), the joint pdf of
X(7) and M(7), for y > max(0, x), is

fX(TLM(T)(Xay) = fM(T),M(T)—X(T)(y,y - X)
= fum ) fum-x@y —x)
A
= _ _ {_}v
D(o1 — a2)(B2 — 51)
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with

[} = (a4 w)(v — fr)e wreler—sny
—(w + a2)(v — By)e X elea=hly
(o1 + w) (B2 — v)e Xela—R)y
—(W + ap) (B2 — v)e 22Xel02=52)y
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Single barrier options

» Up-and-in option, S(0) < L, notation: ¢ = In[L/S(0)]

» payoff at time 7
Himaxoceer S(e]>L)D(S(T)) = lm(ry>)b(S5(0)eX (7))

Expected payoff [ | [7_ b(5(0)€)fx(r),m(r) (X, y)dx |dy

Need the joint pdf of X(7) and M(7)
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Alternative expression for expected payoff

Ma()Es(L) + Ny(0) / Eb(Le¥)ve " dx,
0
where

(v = B)CEN™ + (B2 - P

alt) = B2 — P 7
L (v=B) (B2 — )R — (22))
n<(0) V(B2 = 1) '

For a particular payoff function b(s), it remains to determine Ep(L)
and [;° Ep(LeX)ve™dx.
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Up-and-in put option, L > K

Ep(L) = ain(aa; K, L) + apn(an; K, L),

/ Ep(LeX)ve™ dx = - Y aln(al,K L)—|— agn(ag,K L),
0
where
Kl—th
hK,L=—-o
77( 1 ) ) (h _ 1)h)
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Up-and-in put option, L < K

Ep(L) = bin(B; K, L) + ban(Ba; K, L) + K — LE[eX(7)],

v— 53

L v—P2
= {1 - (K) ]bzn(ﬁz; K.L)
L

v—1
_JvKl-v Y OEeX 1o (£
- e (5)7]

and
* v L\"”
/ Ep(LeX)ve™ dx = [1 — (K) } bin(p1; K, L)
0
v

+

|4
+

a1—v
a1n(a1; K, L) [] +

K ap—V
L |

am(ag; K, L) [L

V—Qq V— Q2
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Brownian motion model

The expectation of the time-7 payoff of a up-and-in barrier option
with barrier L, L > 5(0), is

[S(LO)} ng(L)

For up-and-out case

B
Elley<op(S( )] = £6(50) - |22 es(0)
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The expectation of the time-7 payoff of a down-and-in barrier
option with barrier L, L > 5(0), is

[S(LO)] _af‘?b(/—)-
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The up-and-out option formula can also be expressed as

s - [22] s,

where the function g is defined by

g(s) = I(s<L)b(s)7

and

Eg(s) = Elg(5(7))[5(0) = s] = Ells(r)<1)p(5(7))[5(0) = s].
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Let s, > s; > L. If the initial stock price is sp, g(S(7)) = 0 unless
the stock price drops to the level s; before time 7, the probability
of which is (s1/s2)™.

fuls) = (2) sl
or
o) = (2) euten)

In particular,
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Ellimry<e) b(S(T))] = &(5(0)) — [] - % <5L(;)>
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The result can be generalized to case where the barrier is an
exponential function of time, Legt, t >0, £ being a real constant.
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Similar results can be obtained for the double-barrier option.

hlyang@hku.hk




First exit from an interval

Let x;1 < x < xo and let
T =min{t: x+ X(t) < x3 or x+ X(t) > x2}

be the exit time of the process {x + X(t)} from the interval
(x1,x2). We are interested in

Ni(x) = Pr(x+X(T)<x,T <71),

Ma(x) = Prix+X(T)>x, T <7).

Results of this kind are needed in the analysis of double barrier
options exercisable at time 7.
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Four ways to exit the interval

Ma(x) = Prix+X(T)=x1,T <),
Mis(x) = Pr(x+X(T) <x,T <7),
Mag(x) = Prix+X(T)=x,T <71),
Mas(x) = Pr(x+X(T) > x, T <71).

Then

|_|1(X) = nld(X)+n15(X),
HQ(X) = ngd(X)+n25(X).
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Use the martingales {eal(X+X(t))l(t<T); t >0} and
{e5“X+X{”)Qt<Ty t > 0}, combined with the optional sampling
theorem and the memoryless property of the jump random
variables, to see that

w %
nld(x)quXl + nls(x)eal)qm + |'|2d(X)ea1X2 + |'|2S(X)eoz1xzv_7al

O{X
_el

nld(X)eﬁlxl + I‘Ils( ) Bixp_ " + n2d(x)eﬁ1xz + |-|2 (X)eﬁlXQ

w
w + b1 v—5

— eﬂlx.
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By analytical analogy we have

w v
M QX1 n QX1 n Q2X2 n Q2X2
1d(x) e + Mys(x)e Wi + Myg(x)e*®? + Mys(x)e ——

__ a00X
= e*2

v

+ Mag(x) P22 4 Mys(x) e ——
v— 52

M Baxt 4 Bax1
1d(x)e + 15(X)e W—l—ﬂ

— eBQX .
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» Use Cramer’s rule to obtain Myg(x), Mis(x), Mag(x), Mas(x)

» Each is a linear combination of e®%, e®2X  gPix gfax
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Solutions of integro-differential equations

Mig(x): LPp(x) =0, x1 <x<xp, ¢(x1)=1, ¢(x2)=0
Mag(x): LP(x) =0, x1 <x<x2, P(x1)=0, ¢(x2) =1
Mis(x): Lo(x) +we ™) =0, (x1) = ¢(x) = 0
Mas(x) : Lo(x) +ve P2 =0, ¢(x) = 6(x) =0
with

LP(x) = D@"(x)+ pud'(x) — (A + v+ w)o(x)
2—X C X—X1 B Cwy
+1/v/0 o(x+y)e Vdy + ww/o o(x —y)e "dy
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Substitute
¢(X) — Aje™X 1 Aye®X | Bleﬁlx + 32662)(,

and get each time a system of four linear equations:

v
Ao~ 4 Aje®e 4 Bleﬂ1x2 4 32662)(2 = 0
vV—o vV —ap v — B v — Bo
w w w
Aq e@1xt + Ao +B ebix +B ebaxt = 0
! W+ o 2 W+ g ! w + 51 2 w + B2
Alea1x1 + Azea2x1 + BleB1X1 + 826'82X1
A1e®2 4 Are®2 4 Bleﬂ1><2 + B2eﬁ2X2 = 0

for ¢(x) = Myq(x).
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Substitute
¢(X) — Aje™X 1 Aye®X | Bleﬁlx + 32662)(,

and get each time a system of four linear equations:

Ae?——— 4 Ae®——— + By efre_— + B2662X2 v = 0
vV—o vV —ap v — B v — Bo
w w w
Aq e@1xt + Ao +B ebix +B ebaxt = 0
! W+ o 2 W+ g ! w + 51 2 w + B2
ALe™M 4 A,e® 4 Bleﬂvq + 826’82)(1 = 0

A1e®2 4 Are®2 4 Bleﬂ1><2 + B2eﬁ2X2 —

for ¢(x) = Myy(x).
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Substitute
¢(X) — Aje™X 1 Aye®X | Bleﬁlx + 32662)(,

and get each time a system of four linear equations:

Ae?——— 4 Ae®——— + By efre_— + B2662X2 v = 0
vV—o vV —ap v — B v — Bo
w w w
Aq e@1xt + Ao +B ebix +B ebaxt - 1
! W+ o 2 W+ g ! w + 51 2 w + B2
ALe™M 4 A,e® 4 Bleﬂvq + 826’82)(1 = 0

A1e®2 4 Are®2 4 Bleﬂ1><2 + B2eﬁ2X2 —

for ¢(x) = Mys(x).
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Substitute
¢(X) — Aje™X 1 Aye®X | Bleﬁlx + 32662)(,

and get each time a system of four linear equations:

Ae?——— 4 Ae®——— + By efre_— + B2662X2 v = 1
vV—o vV —ap v — B v — Bo
w w w
Aq e@1xt + Ao +B ebix +B ebaxt = 0
! W+ o 2 W+ g ! w + 51 2 w + B2
ALe™M 4 A,e® 4 Bleﬂvq + 826’82)(1 = 0

A1e®2 4 Are®2 4 Bleﬂ1><2 + B2eﬁ2X2 —

for ¢(x) = Mys(x).

Hailiang Yang Department of Statistics and Actuarial Science The University of Hong Kong hlyang@hku.hk

nked death benefits and exotic contingent options i p diffusion models



Double barrier knock-in option

v

0<L<S0)<U

v

barrier levels L, Ui, initial stock price S(0)

v

The option comes into existence if one of the two barriers is
reached before time 7

v

Payoff I(S(O)em(T)SL, or S(O)eM(T)ZU)b(S(T))
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» Expected payoff of the double-barrier knock-in option is
M1g(In S(0))Ep(L) + Mys(In 5(0))/ Ep(Le ™ )we™ " dx
0

+M2q(In $(0))€x(U) + Mas(In S(0)) /OOO Ep(Ue*)ve™"dx,

with x; = In ﬁ and xp = In %.
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